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Abstract An analytical model is developed for the
compression of coated substrates in a soft rolling nip
formed between a hard roll and a soft covered roll. The
coating layer, substrate, and soft cover are modeled as a
stack of three layers that are compressed jointly while
passing through the nip. Material models have been
adopted separately for each of the three layers and were
combined together according to the thickness of individual
layers. In this study, the substrate is considered to be a
viscoelastic—plastic material and is represented by a mod-
ified solid element while the coating layer is assumed to be
elastic and the soft cover material is approximated by a
standard Maxwell model. A strain function is derived for
the compression of substrate in the nip that appears to be a
parabolic function of time. Substrate compression in the
nip and its subsequent relaxation are calculated by solving
a set of differential equations that describe the coating,
substrate, and soft cover deformations. This model is used
to study the soft-nip calendering of coated papers. Exam-
ples of numerical modeling that demonstrate the paper
deformation and stress profiles in the nip are presented. In
addition, the effects of paper and cover properties as well
as calendering parameters on the dynamics of paper com-
pression are discussed. Finally, a comparison of the mod-
eling results is made with the experimental data.
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Introduction

Commercial production and applications of coated sub-
strates may involve compression of such materials between
two rolling cylinders to achieve the desired surface finish and
performance. An example of such a process is the calen-
dering of coated paper. In particular, calendering of coated
writing and printing papers enhances their appearance and
printability by improving surface smoothness and gloss. At
the same time, calendering decreases paper thickness and
thickness variations, porosity, and air permeability by the
bulk compression of the paper structure. Therefore, model-
ing of coated paper compression is important not only for the
fundamental understanding of paper’s response to calen-
dering, but also as a practical tool for product development,
quality improvement, equipment design, and on-line control.

Compressive behavior of paper has been studied inten-
sively in the literature and various theoretical models have
been developed to describe this process. These models can
be classified into four main categories: material models,
empirical models, finite element analysis, and network
modeling. In material models, the stress and strain behavior
of the material is represented by simplified analytical
expressions [5, 8, 10, 19, 25, 26]. On the other hand,
empirical models derived from pilot and commercial data
have been widely accepted and utilized in the hard-nip
calendering of paper [4, 6, 19], while their extension to the
soft-nip calendering process [9] has found limited appli-
cation due to the complex cover—paper interactions and the
wide range of soft cover material properties. In recent
years, finite element analysis [22, 24, 31] has been used
intensively for the modeling of hard-nip and soft-nip cal-
endering of uncoated papers. This method relies on the
continuum assumption, as well as the discretization of
paper and soft cover to a large number of finite elements.
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However, if using this method, one must still choose an
appropriate constitutive model for paper. Finally, in the
network modeling approach, paper is represented as a
random assembly of fibers. Fiber characteristics and paper
structure affect the compressive response of paper [27], and
in principle, paper’s compressive behavior can be esti-
mated from these two parameters. The idea of the network
model has been discussed by various researchers in recent
years [13, 17, 20, 21]. In particular, using dynamic finite
element modeling, Kwong and Farnood [13] studied the
effect of fiber characteristics on the compression of a three-
dimensional fiber network, representing paper. Predictions
of their model qualitatively and quantitatively agreed with
the experimental data.

The key difference between hard-nip and soft-nip cal-
endering is the time of contact between paper and the
calender rolls; or, equivalently, the nip length. In the soft-
nip calendering, one of the rolls is covered by a relatively
“soft” polymeric material. The elastic modulus of the soft
cover material for paper calendering is in the range of
1-10 GPa [18], whereas hard rolls are typically made of
steel with a modulus of elasticity of about 200 GPa. This
leads to a rather large deformation of soft cover in the nip
and consequently an increase in the nip length, a higher
dwell time, and a lower average compressive stress in the
substrate. Calendering of coated papers involves the added
complexity of the simultaneous deformation of coating
layer, paper substrate, and soft cover.

In our earlier articles, we have reported phenomeno-
logical and numerical models to predict the compression of
uncoated papers and free coating layers [1, 2, 13, 14]. The
aim of this study is to develop a material model for the
compression of coated substrates in a soft rolling nip and
apply this model to study the soft-nip calendering of coated
papers.

Theory
Single stack element model

Earlier works have shown that the compression of coated
paper in the calender nip is essentially a one-dimensional
process [3]. Therefore, soft-nip calendering of coated
papers can be simply modeled as the compression of a
multilayer film between rolling hard cylinders. The sub-
strate, the coating layer, and the soft cover are compressed
and deformed simultaneously against rigid hard rolls
(Fig. 1). In this work, this multilayer body is referred to as
the “stack,” and is modeled as a serial assembly of three
one-dimensional elements.

In this study, the motion and deformation of a coated
substrate are represented by the translational movement

d.
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Fig. 1 Schematic diagram of compression of a coated substrate in a
soft rolling nip: (1) covered roll; (2) soft cover; (3) substrate; (4)
coating layer, and; (5) hard roll. The total stack thickness, Z, is sum of
the substrate thickness, dy,, the coating thickness, d., and the soft
cover thickness, d;

and the traverse compression of each stack element.
However, the lateral interaction of neighboring elements
during the calendering process is ignored. Furthermore, the
plane strain condition is assumed: this implies negligible
strain variations under the nip in the cross-machine direc-
tion. These assumptions simplify the mathematical treat-
ment of soft-nip calendering.

Starting with the compatibility relationship, the total
deformation of the stack element (AZ) is:

AZ = Ad, + Ad, (1)

where d; is the soft cover thickness, and d,, is the total
thickness of coated substrate, that in turn is expressed as
the sum of the substrate thickness (d},) and the coating
thickness (d.). The deflection of each layer can be
expressed by:

AZ = ¢Z, (2a)
Ad; = eidy; (2b)

where ¢ and ¢; represent the engineering strains in the stack
and in the layer “i”, respectively; and subscript “0” indi-
cates the initial thickness of each layer prior to the defor-
mation in the nip.

The initial thickness of coated substrate can be expres-
sed as a fraction («) of the total stack thickness: d,, = aZ,.
Similarly, the initial coating thickness can be described as a
fraction (f) of the total thickness of coated substrate:

doc = Pdop. Therefore, by combining Egs. 1 and 2:

&= ogp + (1 —o)eg (3a)
& = Pec + (1 — ey (3b)
6= afec + ol — Blan + (1 — )z, (3¢)

Equation 3c allows us to combine the compressive
behavior of the soft cover, the substrate, and the coating
layers.
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In the case of soft-nip calendering of coated paper,
thickness values for the soft cover, coated paper, and
coating layer are of the order of 10, 0.1, and 0.01 mm,
respectively. Therefore, « < 1 and f§ < 1.

Strain profile

The strain on the stack element depends on the properties
of the substrate and soft cover material, calender geometry,
applied load, and the linear speed of the coated substrate.
However, the strain distribution under the nip can be
approximated based on the geometry of the calender rolls
and the maximum level of stack compression in the nip.

Here, the mechanical model of stack compression is
built as a kinematic actuation where the upper end-point of
the stack element moves along the circular segment defined
by the intersection of the stack and hard roll surfaces
(Fig. 2). The instantaneous position of the stack element is
represented by its location along the x-coordinate or by the
corresponding time, ¢ = x/v, where “v” is the linear speed
of substrate. Using these notations, the position of stack
element can be defined by the dimensionless time, T =
t/t, = xla, where “a” is the ingoing nip width and #; is
equal to a/v. The dimensionless time when the coated
substrate enters the nip is equal to ‘—1’ and reaches zero at
the point of maximum geometrical compression. T con-
tinues to increase until the coated substrate leaves the nip,
but it remains smaller than unity since the outgoing nip is
shorter than the ingoing nip.

Based on the roll geometry and the maximum com-
pression of the stack element (&,,,4), the stack strain (¢) can
be obtained as a function of the dimensionless time (see
Appendix 1):

X

]

r2 \\/ Ilfl

Fig. 2 Geometrical representation of stack deformation in a soft
rolling nip
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&€= Emax(1 —‘52). (4)

In reality, the maximum strain of the stack element
depends on the applied load and the stack properties.
However, for a given nip geometry, this parameter can be
calculated from:

a = \/2remaxZo, (5)

where r is the equivalent roll radius and is defined as
1/r = 1/ry 4+ 1/r,. In this equation, r; and r, are the radii of
hard roll and soft roll, respectively (Fig. 2).

Although the exact nip width and strain profile depend
on the Poisson ratio of the soft cover material [4, 7],
Equation 4 provides a simple approximation of the nip
geometry.

Substrate deformation

In this study, the substrate is represented by a modified
standard solid element model composed of a nonlinear
spring and a nonlinear Kelvin-like component as in Fig. 3
[8, 14]. The elastic modulus of nonlinear spring (E,) is
considered to increase with the applied stress according to:

Ey = E; + Nia(1), (6)

where o(?)is the absolute value of the compressive stress,
and E; and N; are constants. Equation 6 reflects an increase
in the elastic modulus of substrate with an increase in the
compressive stress. This is a reasonable assumption for
porous substrates such as paper since higher stress levels
result in increased densification and stiffness.

The Kelvin-like component includes a nonlinear ele-
ment of dry friction (E,) that is responsible for the irre-
versible plastic deformation of substrate. E, behaves

(a) (b)

€ elastic
Jn

€ viscous
gplastic
—_
(2]
A

Fig. 3 Material models used for a substrate, b soft cover, and
¢ coating layer
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similar to a spring during the compression stage and stores
the deformation during the unloading stage:

Eplastic = {GK,plaslic (l‘)/Ez7 < tp;
GK,plaslic(tp)/EZa t > tp}a (7)

where ok piasic 18 stress in the element of dry friction, and £,
corresponds to the time required to achieve the maximum
strain of the Kelvin-like component. Furthermore, the total
stress in the Kelvin-like component is:

O-(t) = OK,viscous (t) + O'K,plastic(t)y (8)

where o yiscous 15 the stress in the dashpot.

Since the viscous and elastic strains in the Kelvin-like
component are equal, the irreversible plastic deformation
can be calculated from:

Ern
Eplastic = Flgviscous(tp)a (9)

where E/, is the equivalent elastic modulus given by E|E,/
(E, + E»).

Therefore, the set of equations that describe the defor-
mation of the substrate during the loading stage are:

gb(l) = &elastic (t) + &viscous (t) (103)
J(I) = E128viscous (t) + npgiliscous(t) (IOb)
O'(l) = (El +Nio-(t))se]astic(t)~ (IOC)

Here, the viscosity of the substrate is denoted by 7. The
boundary conditions are defined at the point of first contact:

gb(_tl) == 8elastic(_tl) == gviscous(_tl) =0 and
O'(*l]) =0.

For the unloading stage, the plastic strain remains
unchanged and Eq. 10b should be replaced by:

J(t) =E (Sviscous(t) — &plastic (tp)) + npg(/iscous(t)7

(10d)

(10e)

where &p1a46c (#,) TEpresents the residual plastic deformation
of the dry friction element.

By combining Egs. 4 and 10, the differential equation
for the plastic strain of substrate is obtained:

Tpgiliscous(t) + Sviscous(t)
_E ( 1 1>
NiE12 1+ Ni<3viscous(t) — 8(t)) ’

where T, = n,/E|, is the characteristic time constant of
substrate that can be determined from experimental data.
Differential equations for the total, elastic, and viscous
strains, as well as the stress in the substrate, can be
obtained in a similar fashion.

(11)

Coating layer deformation

In this study, the coating layer is represented by an elastic
element. This is a reasonable approximation since: (1) the

thickness of coating layer is typically an order(s) of mag-
nitude smaller than that of substrate, and; (2) for coated
papers, experimental evidence indicates that the elastic
modulus of the coating layer is about one order of mag-
nitude larger than that of the paper substrate [30]. There-
fore, any permanent deformation of the coating layer
compared to that of substrate is negligible, and the coating
layer could be simply modeled using Eq. 12 (Fig. 3):

a(t) = Ecec(t),

where E_ is the elastic modulus of coating layer.

(12)

Soft cover deformation

During the calendering process, the soft cover is repeatedly
subjected to a short-duration (<1 ms) small-amplitude
(<0.01 m/m) strain pulse. Experiments by Vuoristo et al.
[28, 29] show that under these conditions soft cover
materials exhibit viscoelastic characteristics with a time
constant (7,) of 10-20 ms. This time constant is suffi-
ciently small to allow for strain relaxation between two
consecutive pulses in a typical calendering operation.

In this study, the standard Maxwell model is used to
describe the viscoelastic behavior of soft cover in the cal-
endering nip (Fig. 3). The differential equation and the
boundary condition for this model are given by:

EZ(1) = o'(1) +o(1)

Py (13a)

&(—1) =0 (13b)

Once the stress history in the stack element is
determined, the soft cover strain (&) can be calculated
from the above equation.

Deformation of the stack element

In order to find the stress history in the stack element,
Egs. 3(a—c), 11-13(a, b) have to be solved simultaneously.
However, since the substrate, soft cover, and coating layer
experience identical instantaneous stress levels, the strain
functions for these layers can be determined independently.
An example of this approach for uncoated substrates can be
found in Appendix 2.

Based on this methodology, nonlinear differential
equations that describe the viscoelastic—plastic deformation
of the stack have been obtained and solved by numerical
integration. The resulting stress profile was used to calcu-
late the applied load on substrate:

15}

L:/adx:—v / o(t)dt,

N —h

(14)
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where L is known as the “line load,” and ¢, and ¢, corre-
spond to the times of entrance and exit of the coated sub-
strate to and from the nip.

Results and discussion

Using the above theoretical model, a parametric study of
the soft-nip calendering of coated papers in terms of the
operating conditions and properties of paper and soft cover
is conducted. The range of calendering variables and the
adopted reference values are summarized in Table 1.
Unless stated otherwise, these reference values are used in
the parametric study.

Paper was described by a set of five parameters, as given
in Table 2. These values were determined by curve-fitting
of the stress—strain data reported by Rodal [23] for a
bleached sulphite paper at low (paper #1) and high (paper
#2) calendering temperatures. The total paper thickness and
the thickness of coating layer prior to the calendering were
maintained at 127 and 12.7 um, respectively, throughout
this study.

The soft cover’s viscosity (1) was estimated based on
its time constant (7s) and modulus of elasticity (E;) from
ns = TsEs. The time constant was chosen such that it
allows for strain relaxation between two consecutive nip
impressions, and Eg was taken from published hardness
data [18, 29].

Table 1 The range of parameters and the adopted reference values in
this study

Parameter Range Adopted value
Line load (kN/m) 0-350 250

Paper speed (m/min) 300-2500 1200

Roll diameter (mm) 350-1100 600

Cover thickness (mm) 0-130 12.7

Cover elasticity (GPa) 1.5-6 6

Cover viscosity (KPa s) 10-20 20

Coating elasticity (GPa) 0.1-5 1

Table 2 Model parameters for base paper in this study

Paper #1 Paper #2
Temperature (°C) 23 107
E; (MPa) 8 90
N; 4 5
E; (MPa) 20 20
E, (MPa) 5 5
1, (MPa s) 0.04 0.03

@ Springer

Maximum stress and stress profile

The estimated maximum stress for typical ranges of
commercial printing papers is found to be practically
independent of their viscoelastic parameters. Figure 4
illustrates the effect of applied line load on the predicted
maximum and average stresses for papers #1 and #2. Based
on this figure, the maximum stress values for these papers
at a line load of 100 KN/m is about 20 MPa; that is, of the
same order of peak pressure measured elsewhere [15]. For
comparison, the static stresses according to the Hertz the-
ory are also plotted in this graph. Hertz’s solution describes
the frictionless contact of two perfectly smooth isotropic
elastic cylinders under the normal compressive load; con-
sequently, it does not take into account the presence of
coated paper in the rolling nip. This simplification leads to
errors in the determination of the deformation profile in the
contact zone as well as in the magnitudes and the distri-
bution of stress and strain. In addition, Hertz’s solution is
valid for a purely elastic contact problem and does not
account for viscous deformation in the soft cover and for
the viscoplastic deformation of paper. Nevertheless, the
level of inaccuracy is generally assumed to be small, and in
the absence of other theoretical solutions for the contact
problem, Hertz’s theory is widely used as a common
comparison standard. However, a close examination of
Fig. 4 shows that, in this case, the stress values predicted
from the Hertz theory are about twice as large than those
calculated from the present model. This is consistent with
the findings of Keller [11] as reported in [31], i.e., that
Hertz’s theory overestimates the compressive stress on
paper in the calender nip. Moreover, the average stress
estimated from the present model is found to be a function
of the viscoelastic—plastic characteristics of the substrate,
while Hertz’s solution is insensitive to changes in the
substrate parameters. Despite these deviations, both the
present model and Hertz’s solution are in agreement in

Stress, MPa

0 50 100 150 200 250 300
Line load, KN/m

Fig. 4 Estimated maximum stress (0max) and average stress (Gayg)
based on the present model (solid curves) and Hertz’ approximation
(dashed curves) for paper #1 and paper #2
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Fig. 5 Predicted effect of line load on nip width for paper #1 and
paper #2

predicting that the maximum stress for papers #1 and #2
are practically identical over the entire range of line load.

The observed change in the average stress with paper
type is a reflection of the change in the nip width. Figure 5
demonstrates the relationship between nip width and the
line load for papers #1 and #2. Based on this figure, for a
typical line load of 250 KN/m, the predicted value for nip
width is about 11 mm, which is comparable to the results
reported elsewhere [16]. Furthermore, Fig. 5 shows that the
nip width and the stress profile are affected by the char-
acteristics of the paper substrate. Therefore, conventional
static measurements commonly conducted in the absence
of the paper substrate to estimate the nip width and stress
profile can be misleading. In fact, it can be shown that the
nip width will increase nearly linearly with the initial
thickness of paper substrate. In other words, it is an over-
simplification to ignore paper characteristics while evalu-
ating the calendering process.

The predicted in-nip stress profiles qualitatively agree
with the bell-shape profiles observed using pressure sen-
sitive films in static compression experiments [15]. Similar
results were also reported for dynamic compression
experiments in the hard-nip calendering of paperboard [8].
Figure 6 illustrates the predicted stress profiles in the nip
for the soft-nip calendering of paper #1 at different line
loads. In this figure, the paper travels from left (negative
coordinates) to right (positive coordinates). It appears that
by increasing the line load, the peak stress shifts toward the
nip entrance. This creates a larger increase in the ingoing
nip width compared to the outgoing nip width, while
maintaining the relatively symmetrical shape of the stress
profile.

Cover thickness and modulus of elasticity
Perhaps the most important feature of soft-nip calendering

is the effect of the soft cover material on the nip length and,
hence, on the dwell time. A thicker and softer roll cover is

Stress, MPa
N w £ ($)]
o o o o

e
© o

Position, mm

Fig. 6 Compressive stress profiles under the nip for the soft-nip
calendering of coated papers for various values of line load: (a) 50;
(b) 150; (c) 250; (d) 350; and (e) 450 KN/m

expected to increase the nip length and hence decrease the
maximum (and average) stress in the nip.

The maximum stress and the dwell time in the nip
depend on the soft cover characteristics. By increasing the
elastic modulus of the soft cover, the maximum compres-
sive stress in the paper increases and asymptotically
approaches the maximum stress in hard-nip calendering
(Fig. 7a). In the meantime, by increasing the soft cover
thickness, o,.x decreases to a plateau level that depends on
the applied line load (Fig. 7b). Changes in the dwell time
follow an opposite trend compared to the in-nip stress.
Figure 7c and d shows the model predictions for typical
values of roll cover thickness and modulus. The predicted
dwell time at a line load of 300 kN/m is about 0.7 ms,
which is similar to the values reported in literature [31]. As
seen from this figure, decreasing the roll cover modulus
and increasing its thickness result in a higher dwell time.

Roll diameter and calendering speed

A practical issue concerning the operation of calendering
machines is addressing changes in the diameter and speed
of calender rolls. Increasing calendering speed and reduc-
ing the calender roll diameter will reduce the dwell time of
the coated paper. Therefore, in order to achieve the same
level of permanent deformation, the line load has to be
increased.

According to the Hertz theory, in order to achieve the
same level of maximum compressive stress in soft-nip
calenders made from the same material, the line load
should increase proportionally to the effective roll diameter
and calendering speed [16].

Based on Egs. 14 and 5, to maintain the dwell time and
maximum stress in the soft-nip calendering of paper, line
load scales with the calendering speed, v, and square root
of calender roll diameter, D. Hence, L should be chosen
such that:
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Fig. 7 Effect of soft cover elasticity, E;, and thickness, ds, on
maximum compressive stress, o,.x, and dwell time for paper #1 at
100 and 300 KN/m line loads

L_v_ D (15)
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This result is consistent with the nonlinear plastic
deformation of a thin substrate in a hard rolling nip,
proposed by Kerekes [12].

Paper compression in the nip

The transient response of paper in a calender nip can be
divided into three stages: (1) the loading stage where the
paper enters the nip and the compressive stress and strain in
the paper increase from zero to their maximum levels under
the applied line load; (2) the unloading stage where the
applied stress and the compressive strain decrease until the
paper exits the nip, and; (3) the relaxation stage where paper
thickness continues to increase outside the nip and even-
tually reaches its final value. Figure 8a and b shows the
predicted deformation of a coated paper undergoing soft-
nip calendering with two different soft cover materials with
elastic moduli of 6.0 and 1.5 GPa, respectively. The base
sheet parameters are similar to those of paper #1 and the
final paper thickness is 77 pum in both cases. Clearly, the
elasticity of the soft cover material has a great impact on the
strain history of paper in the calendering process. A stiffer
cover material results in a shorter dwell time and nip length.

To better illustrate the dynamics of paper compression in
the nip, the strain profiles for base paper and coating layers

i

| Hard roll |

100 .

£
=
c
o
=
8
S 150
®
o
£
(Y]
>

Roll cover

i
]
1
i
i
i
i

-8 -6 4 -2 0 2 4 6 8
Position along the nip, mm
Fig. 8 Deformation of coated paper in soft-nip calendering for cover

materials with: a high stiffness (E; = 6 GPa), and; b low stiffness
(Es = 1.5 GPa). Line load: 250 KN/m, and base sheet: paper #1
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Fig. 9 Strain profiles for soft calendering of coated paper. Soft cover
stiffness: 6 GPa, line load: 250 KN/m, and base sheet: paper #1

120
110 1%
100 300 KN/m
%. 90
N 80
70
60
0 10 20 30 40
V, m/s

Fig. 10 Influence of calendering speed on the final thickness of paper
substrate, z5 at two values of line load (100 and 300 KN/m) for paper
#1; initial thickness of substrate is 127 um

are plotted in Fig. 9. This figure shows that the compressive
strain and therefore the deformation of base paper in the nip
is at least one order of magnitude larger than that of the
coating layer. Therefore, the deformation of the coating layer
has a minor effect on the final thickness of coated papers.
In the case of the calendering of coated papers, the per-
manent strain—or equivalently, the final thickness—of the
coated paper is of practical interest. The final paper thickness
depends on the processing speed and roll cover characteris-
tics. For example, Fig. 10 shows the predicted effect of
calendering speed on the final thickness of the paper. By
increasing the speed, the final paper thickness increases and
approaches a plateau. However, the level of this plateau
depends on the applied line load, roll diameter, and the
thickness and modulus of elasticity of the cover material.

Comparison with experimental data

Experimental data for the calendering of newsprint paper
was provided by a calender machine manufacturer
(Rheims, J., 2006, Private communication). Newsprint
samples were calendered both in hard-nip (i.e., a hard roll
against a hard roll) and soft-nip (i.e., a soft covered roll

Table 3 Paper characteristics and calendering data

Hard nip Soft nip
Grammage (g/mz) 45
Initial thickness (um) 80
Speed (m/min) 820 820
Roll Temperature (°C) 80 80
Hard roll diameter (m) 0.430 0.750
Soft roll diameter (m) - 0.530
Roll cover thickness (mm) - 12
Roll cover hardness (Sh D) - 92

Table 4 Experimental calendering data for the newsprint sample

Line load (KN/m)

Caliper (um)

Hard nip Soft nip
0 80 80
30 65 68
39 63 64
51 62 63
77 59 62

Table 5 Model parameters for the newsprint sample determined
based on the hard-nip calendering data in Table 4

Ey (MPa) No ()

E, (MPa)

E»y (MPa)

n (kPa s)

43.9 0.02

13.6

4.8

against a hard roll) configurations, and the thickness of the
paper at various line loads was recorded. The calendering
conditions and the thickness-line load data are given in
Tables 3 and 4. To examine the validity of the proposed
model:

(1) Hard-calendering data were used to find the optimum
model parameters for paper, i.e., E; N;, Ey, E5g, 1, and
€4, according to the procedure described elsewhere
[14]. These parameters are given in Table 5.

(2) The above optimum model parameters were then used
to predict the thickness-line load relationship for the
sample in soft-nip calendering.

The predicted line load-thickness relationship for soft-
nip calendering is given in Fig. 11. This figure shows that
the model predictions are in close agreement with the
experimental data.

Conclusions

A material model was developed for the deformation of
coated substrates in a soft-rolling nip. This model was used
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0 20 40 60 80

Line load, kN/m

Fig. 11 Comparison between experimental data for final paper
thickness (symbols) and predictions of the model developed in this
work (solid lines). Hard-nip calendering: solid circles, and soft nip:
squares

to simulate the compression of coated paper as a function
of soft-nip calendering conditions. The predicted maximum
compressive stress exerted on paper was found to be
independent of the substrate characteristics over a wide
range of line loads. However, both the nip width and the
average compressive stress were a function of the paper
parameters. This result indicates that the conventional
static experiments conducted in the absence of a substrate
to estimate nip width and stress profile can be misleading.
This parametric study also revealed that the deformation of
the coating layer had a negligible effect on the final
thickness of the coated paper after calendering. According
to this model, to maintain the same dwell time and maxi-
mum stress in the soft-nip calendering of coated (or
uncoated) papers, line load should be scaled up propor-
tionally to the calendering speed and the square root of the
calender roll diameter, i.e., L o< v o< v/D. Comparison with
experimental data shows that the final thickness of paper
was predicted accurately using the proposed model.
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Appendix 1

Stack element strain function, ¢, depends on the dimensions
of the intersection zone of the calendar rolls, and is
determined as a function of the position of the element
along the nip. From Fig. 2, the relationship between
ingoing nip length, a, and the value of maximum stack
compression, ¢, can be found by solving the following set
of equations:

@ Springer

X+ (z—ricosp) =1

X+ (z+rcosh) =
c=ri(l —cos¢,)+ r(l —cosb) (16)

a=rysing,;

risin ¢y = rpsin 6y

Coordinates x and z, and other variables in these
equations are defined in Fig. 2. The first two equations in
16 describe the circumference of calender rolls, having
their centers on the z-axis at the points z; = rjcos ¢, and
7o = —ry cos 0. The third equation is an expression for
the maximum compression, and the last two expressions
are for the ingoing nip width, a. Solution of this system of
equations leads to an exact expression for the ingoing nip
width as a function of the maximum stack compression, c:

\/(1‘”—”2 )(1——” )
2r U 4r(ri+n2) 2(r1+r2)

__c
ri+r

: (17)

a =

where r = riry/(r; + rp). Considering that ¢ < r (or ry, or
r;), Eq. 17 can be simplified to the well-known equation
for the hard-nip calendering of paper [5]:

a2

~—. 1
er (18)

Strain of the stack increases from zero to its maximum
value, depending on its position along the nip. The change
in stack thickness in the radial direction, dr, is equal to the
distance BB”. The coordinates of B” can be determined by
solving the following system of equations:

x>+ (z—ricos ¢1)2 = rf

(19)
z = (rpcos0/xg)x — rycos 0y,

where xp is the position of the stack element along the
x-axis that is represented by point B’. Therefore, the radial
deflection of the stack can be found by subtracting O,B’
from the radius, r, (Fig. 2):

dr=r) — \/(}’2 Ccos ¢2 + ZB”)2 + xé”; (20)

where xp and zp are coordinates of point B”. Using the
Taylor expansion and by ignoring higher order terms, the
following expression for dr as a function of dimensionless
time, t(=x/a), is obtained:

dr%c(l—rz[l—f—c(%—rlirz)]). (21)

For commercial calenders, the ratio of ¢ to roll radius is
of the order of 1073, Therefore, the value of the expression
in square brackets can be considered as unity, resulting in
the distribution of stack deflection under the nip being
expressed as a parabolic function of the dimensionless




J Mater Sci (2010) 45:216-226

225

time, 7. For comparison, change in the stack height in the
vertical direction, dz, as a function of x, is:

dz=c— (r1 —\/7 —x,@) - (rz —\/r —xlzg,,). (22)

Using Taylor expansion and retaining two terms in the
series in terms of x, and taking into account Eq. 18 for the
nip width, an equation similar to (21) is obtained:

dz = c(1 —1%). (23)

Appendix 2

To illustrate the approach taken in this study, details for the
determination of the stress function in the stack element for
a simple case with constant elastic modulus of base paper
and in the absence of coating layer (i.e., N; = 0; f = 0) are
shown below. The corresponding system of algebraic and
differential equations is:

eo(t) = (1) /Eo,
&(t) = d'(1)/Eo,
E12812(Z) + 7lp8,]2(l) = G([)7

nseg, (1) = a(t),

(1 — o)es(r) + agp(r) = (1), 24)
(1 — a)eg(1) + ae (1) = &(1),

&p(t) = eo(?) + ena(1),

&y (1) = eo(t) + &1 (1),

&s(t) = & (t) + &y (1),

& (1) = eg(1) + ¢, (1).

In the above equations, ¢ is the total strain in the stack
element, and &, ¢12, &g, &, represent strain in elements E,,
p» Es, and 1. Finally, ¢ and ¢, represent the strain in the
paper and in the soft cover.

To derive the differential equations for the stress func-
tion, the above system of equations (24) is first solved for
paper strain gy(f) and its time derivative in terms of the
stress function, o():

alt
8p(I)—ELO)
o, (1) + 1, (18 (1) + 250+ (1=0) (1) + 252 )
+ aEon, ’
sg(t) :Esa(t) +aEso(t)+Esne (1) —n,0' (1) +omxo*’(t).
oEgn

(25)

By differentiating the first equation and equating it with
the second one, we obtain:

My | o(Eo+ En)ig 775> /
ot) + |+ ——— 2+ 2 (2
( ) (E12 (1 — OC)E()E]z ES ( )

ok NpHs

(1 — OC)E() EleSJH(I)
mpise” (1) g (1)
— <1P_ a)Elz + (1 — ac) (26)

Furthermore, if the soft cover thickness approaches zero,
or if @ — 1, this equation will describe stress distribution
in the hard-nip calendering of paper. Alternatively, when
o — 0, the equation is transformed to the Maxwell’s
equation for the roll cover.

Boundary conditions for (), corresponding to the point
of the first contact of paper with hard roll at time “—z#,”,
are determined from the expression for &y(f) (Eq. 25)
knowing that es(—1;) = 0, g,(—#;) = 0, and can be written
in the following form:

O'(—tl) =0,

O'l(—ll) :ESS’(—ll). (27)

This differential equation can be rewritten in a short
form by introducing the differential operator L[...] for
definition of the left-hand side of the equation:

E,
Lol=c+ o (T, +Ty+—— T,
(1 —a)H

aE.
"T T 14+ —— 28
+ 0 sP( +(1—O€)E0>7 ( )

where T, = n,/E\», Ts =n/E,, H = EE/(E, + Ep).
Hence, the differential equation for the stress function
has the following form:

T.E
(1—oa)

Using a similar procedure, a differential equation for the
viscous deformation of the paper and roll cover can be
derived:

Lio] = (& ()T, + ¢(1))

(29)

e o HTp T E

Lol = (#0405 ) "
e (—1) = _Een)

P E() - O(EQ + OCES,

e(r) + Tpe' (1)

Hewl =220
Ssn(_tl) = 07
8;11(_t1) =0.

Here, L[. . ] is the differential operator defined by Eq. 28.
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